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Abstract—This paperdescribestwo algorithmsfor accu-
rately locatinga sphericalobject in spaceusingdatacol-
lectedfrom a scanninglaserrangefinder. This work is de-
signedto supportthecapturephaseof a futurerendezvous
and samplereturn mission to Mars. The first algorithm
finds the parametersof the spherewhich optimally fit the
set of data points. This method is shown to be quite
slow, and unlikely to meet the accuracy requirementsof
themission.Thesecondalgorithmmakesa setof almost-
independentestimatesof the positionof the centerof the
sphere,onefrom eachscanline of data. Theseestimates
arecombinedusingregressionto produceanaggregatees-
timateof thesphereposition.Thissecondalgorithmis both
fastenough,andaccurateenoughto meetmissionrequire-
ments.
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1. INTRODUCTION

A futurerendezvousandsamplereturn(RSR)missionwill
attemptto returnrockandsoil samplesfrom Marsto Earth.
Thecurrentmissionscenariorequiresretrieval of a 16 cm
diametersphericalorbital samplecanister(OS)from Mars
orbit. In the terminalapproachphaseof this dockingma-
neuver theprincipalsensorusedto determinethedirection
anddistanceto theOSwill beascanninglaserrangefinder.

The terminal approachphasecoversa rangeof distances
from 5 km to 1 meter. During this interval, the laserrange
finder is requiredto returnindependentpositionestimates
at one-halfsecondintervals. Theseestimateswill be fil-
teredby guidanceandcontrolsoftwareto provideacontin-
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uous,highly accurateestimateof thepositionof theOS.

Thelaserrangefinderrequiresalgorithmsto accuratelyde-
termine the 3 degree of freedom(DOF) position of the
OS throughoutthe terminal approachphase. This docu-
mentdescribestwo algorithmsusefulin thefinal 20meters,
andanalyzestheirperformancein simulation.Therequire-
mentsarefor accuracy of 8 mm standarddeviation in each
of theX, Y, andZ directions.Thealgorithmmustalsorun
on a 12.5 MHz processor, producinga position estimate
everyone-halfsecond.

The first algorithmdeterminesthe OS positionby finding
the moving spherewhich bestfits the data. We call this
algorithm SphereFitting. This algorithm is able to meet
theaccuracy requirementsmuchof the time, but produces
high error in someconditions.Thoughit maybepossible
to modify the algorithmto producemoreaccurateresults,
thealgorithmalsosuffersfrom beingquiteslow. Werethis
algorithmchosen,furtherwork wouldberequiredto speed
up the algorithmto allow it to run in real time on a 12.5
MHz processor.

ThesecondalgorithmdeterminestheOSpositionby gen-
eratinga 3 DOF positionestimatefrom eachscanline. We
call this algorithm ScanLine Extent. This algorithm is
more accuratethan SphereFitting, and also much faster.
Thereshouldbeno problemrunningthis algorithmin real
time.

In the next section,we describethe two algorithms. Sec-
tion 3 lists the assumptionsuponwhich our evaluationof
the algorithmsare based. Section4 describesthe simu-
lation methodologyusedto evaluatethe performanceof
the two algorithms.Section5 reportstheexpectedperfor-
mancecharacteristicsof the two algorithmsbasedon the
simulationresults.Section6 lists ourconclusions.

2. DESCRIPTION OF ALGORITHMS

Two algorithmsfor determiningthe positionof the OS at
closerangehave beendevelopedandevaluated.Theseare
the SphereFitting algorithmandthe ScanLine Extental-
gorithm. In this section,we describeeachof these.

SphereFitting

The spherefitting algorithm is basedon a methodcom-
monly usedfor fitting circlesin 2D images.We extended



the algorithmto work in 3 spatialdimensions,andalsoto
handleamoving sphere.

Generally, the pixels in an imageare assumedto be ac-
quiredduringthesameinstantin time. This is not truefor
the “pixels” in the rangeimagefrom a laserrangefinder.
In our application,the “pixels,” or more accuratelymea-
surements,areacquiredover thecourseof

�� second.Dur-
ing this time, the target is expectedto move. Eachmea-
surementcontainsthe sphericalcoordinates(angle,angle,
range)to a point in space,andthe time at which the mea-
surementwasacquired.

First we convert thesphericalcoordinatesto Cartesianco-
ordinates. The foregroundmeasurementson the OS are
easily distinguishablefrom the distantbackgroundmea-
surementsby thresholding. In this algorithm, we ignore
all the backgroundpoints. This givesus a setof

�
points

eachof theform �����
	��
��	�����	������ . The ��� in eachpoint is the
time stamp.

Onecommoncircle fitting algorithm(see[1]), minimizes
thefollowing costfunction � to find optimalvaluesfor the
center ����	���� andradius � of thecircle.
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Here,
% �'���2),�+� ��- �'�
�*)+�3� � is the distancefrom the

measurement�'� � 	�� � � to the putative centerof the circle����	���� . Whenthe cost function is minimized(i.e. when� , � , and � are“correct”), this distanceshouldbe very
closeto theradiusof thecircle � .

To reducethe numberof squareroots,andthusspeedthe
computationof the cost function, the following function
maybeminimizedinstead.
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In our case,thevalueof � is a known constant,;7<:= . This
simplifies the problema bit. However, this simplicity is
offsetby thecomplexity addedby thethird dimension,and
the fact that the sphereis moving. The conceptof a con-
stantcenter�'��	
�.	:>?� of thesphereis nolongervalid. Now
theconstantcenteris replacedby a functionof time, asin
equations3 through5.
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Here, �'� B 	�� B 	:> B � representsthepositionof thecenterof
the OSat time 0; � C�L	 C�F	 C>M� representsthe velocity of the

OS.Thevelocityis assumedconstantthroughoutthe
�� sec-

ondmeasurementinterval. Thisassumptionis discussedin
section3. Thepositionof thecenterof thesphereat time �
is thengivenby �'�@�����:	��N�'���O	P>3�'����� .
Usingthenotationof equations3 through5, thecostfunc-
tion we have chosento minimize in the SphereFitting al-
gorithmis givenin equation6.
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Minimization is accomplishedby performing conjugate
gradient descent,as in [2]. This is an iterative pro-
cedurewhich usesboth cost function evaluations, and
evaluationsof the derivative to find a set of parameters����B7	
�YB7	P>ZB7	 C�L	 C�F	 C>?� which producea locally minimum
cost.

ScanLineExtent

TheSphereFitting algorithmignoresthechronologicalor-
der in which measurementsarecollected.Not sowith the
ScanLine Extentalgorithm.Thisalgorithmrecognizesthat
therasterscanpatternusedby thelaserrangerdevice may
bebrokenup into scanlines.Without lossof generality, we
assumethehorizontalscanis fasterthantheverticalscan,
sothatazimuthpositionchangesveryquickly comparedto
elevation.

Eachscanline which encountersthe OS producesan ap-
proximatelylinear setof measurementsacrossthe faceof
thesphere.ThoughtheOSmaymoveasignificantamount

in
�� second,themovementof theOSin the

�� B
B th second
requiredto collect a scanline is expectedto be no more
thanamillimeter. Sincethis is smallerthantheaccuracy of
themeasurements,we treatall pointsin thescanline asif
they werecollectedat thesameinstantof time.

At neardistances,the two angularcomponentsof a col-
lected point provide much more accuratemeasurements
thandoesthe rangecomponent.This algorithmattempts
to leveragethe angularcomponentsto improve accuracy.
Consecutive measurementsare very closetogetherin az-
imuth. Thefirst andlastmeasurementsof ascanline which
encounterthe OS give very accurateestimatesof the az-
imuth of theedgesof theOS.

This edgeazimuthinformationis usedin two ways. First,
the averageof the two azimuthsgivesan estimateof the
azimuthof the centerof the OS at the time at which the
scanline was collected. Second,the differencebetween
thetwo edgeazimuthstells theangularextentof theOS.

Theangularextent is usedin two ways. First, the angular
extentis usedto combinetherangecomponentsof all scan



line measurementsinto anaccurateestimateof thedistance
to the centerof the OS. Second,oncethe distanceto the
centerof theOSis known, theangularextentmaybeused
to produceanestimateof theelevationdifferencebetween
thescanline andtheOScenter.

In this way, eachscanline which encountersthe OS pro-
ducesan estimateof the coordinatesof the centerof the
sphericalOS at the time at which the scanline was col-
lected. Regressionis usedto producea combinedesti-
mateof �'��[P	���[
	:>Z[�� , thepositionof theOSat time � , and� C�\	 C�]	 C>?� , thevelocity of theOSduringthemeasurement
interval. A moredetaileddescriptionof thisalgorithmmay
befoundin appendixA.

3. ASSUMPTIONS

The developmentof the two algorithms,andthe method-
ology usedto testthemarebasedon a numberof assump-
tions.Thesearediscussedin thefollowing sections.

Motion is Linear

Bothalgorithmsassumethattherelativevelocityof theOS
is constantwith respectto the sensorduring any

�� sec-
ondtime interval in which a setof measurementsis taken.
Therearea numberof ways in which this assumptionis
actuallyfalse.

First, the assumptionis false because,accordingto our
requirements,the sensormay be rotating at a rate of 6
mrad/secaroundeachof the threeaxes. Our analysis,in
section3, suggeststhat this inducesa negligible departure
from linearity during any measurementtime interval, and
thereforewill haveinsignificantinfluenceonalgorithmper-
formance.

Second,theassumptionis falsedueto theinfluenceof grav-
ity gradientaccelerations.However, over thecourseof the
one-halfsecondinterval, this influenceis expectedto be
insignificantaswell.

Third, theassumptionis falseduringany measurementin-
terval in which anaccelerationis appliedto thespacecraft.
Presumably, the spacecraftcontrol software knows when
accelerationsareapplied,andcanignorethesuspectmea-
surementstakenduringthesemaneuvers.

Magnitudeof Linear Motion

In this section,we presentanalysisto supportour con-
tentionthatspacecraftrotationsproduceonly negligiblede-
parturesfrom linear motions. We alsocalculatethe mag-
nitudeof the apparentlinear motion of the OS at various
distancesin therendezvousscenario.

Accordingto ourrequirements,themaximumexpectedrel-
ative velocity betweenthe spacecraftand the OS is 1.5
cm/secin the x andy directions,and3 cm/secin z. Ad-
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Figure 1. Aligning referenceframewith scanline

ditionally, a maximumof 6 mrad/secrotation is expected
aroundeachspacecraftaxis. The laserrangeris pointing
up the z axis,andwe assumeit is mounted1 meteraway
from thespacecraftcenterof massalongthex-axis.

First, let uslook athow closeto lineartheapparentmotion
of theOSwill beundertheseconstraints.All themotions
are linear except for the spacecraftrotations. We demon-
stratethat theserotationsinducevery nearlylinearrelative
motionsusingfigure1. In this figurethelaserrangeris po-
sitionedat theorigin, andthecurverepresentstheapparent
motion of the OSrelative to thesensorduringa

�� second
interval dueto rotationof thesensoraboutthex-axis.Dur-
ing this periodof time the angularchangeis 3 mrad. In
orderto illustratetheconfiguration,theangleshown in the
figure is muchlarger thanthis. The distanceto the OS is
givenby ^ . We want to know the relationshipbetween_ ,
half the arc chord,and ` the largestoffset from the arc to
thearcchord. If _ is largecomparedto ` , thentheappar-
entmotionis very closeto linear. Thefollowing equations
calculatetheproportion

�Pab .

_]�G^�c�dSe�f
gih mrad (7)

`j�G^�)/^.kml7c8f7g h mrad (8)n _` � n c�dSepoqg o
oYfVhfp)/kOl7cYoqg o
oqf�h � nsr7rQt (9)

The divergencefrom linearity is only 1 part in 2667indi-
catingthat the motion is very nearlylinear. This result is
independentof thedistanceto theOS,andis thesamere-
gardlessof theaxisof rotation.At a distanceof 20 meters,`\� n g u�vwfxozy|{ metersrepresentsthe error in rangein-
troducedby the assumptionof linearity. This is far below
therequiredlevel of noise.Analysisof rotationsaboutthe
othertwo axesalsoyield extremelysmallerrors.

Next, we calculatethe magnitudeof the linear motions
in eachof threedimensionsunderworst-caseconditions.
Thesecalculationswill beusedin thesimulationsreported
in sections4 and5.

First,we look at theworstcasemotionpersecondin thez-
dimension.Therearetwo contributorsto achangein z: the
3.0cm/sectranslationin thez direction,andthe6 mrad/sec



Dist. Rot. aboutY, X Rot. aboutZ X, Y Translation TotalX Total Y
(meters) (cm/sec) (cm/sec) (cm/sec) (cm/sec) (cm/sec)

1 0.6 0.6 1.5 2.7 2.7
2 1.2 0.6 1.5 4.1 4.1
5 3.0 0.6 1.5 5.1 5.1

10 6.0 0.6 1.5 8.1 8.1
15 9.0 0.6 1.5 11.1 11.1
20 12.0 0.6 1.5 14.1 14.1

Table 1. Maximumlinearmotionin x andy

rotation about the y-axis. Rotationsabout the x- and z-
axesproducenochangein thedistanceto theOS.However,
sincethelaseris mounted1 meteraway from thecenterof
massalongthex-axis,a rotationaboutthey-axiswill tend
to move the sensornearerto or fartherfrom the target —
a changein z. The magnitudeof this changedue to a 6
mrad/secrotationaboutthey-axis is 0.6cm/sec.Notethat
thismotionis independentof thedistanceto thetarget,asis
the3.0cm/sectranslationin thez direction.Themaximum
linear motion in the z-dimensionis the sumof thesetwo,
3.6cm/sec.

For the x- andy-dimensions,the magnitudeof the linear
motion changeswith distanceto the OS for someof the
rotations. Therefore,we presenttable1, which tabulates
the maximumlinear motion in the x and y directionsat
varioustargetdistances.

Thefirst columngivesthedistanceto theOS.Columnstwo,
three,andfour list the contributionsfrom varioussources
of motion– rotationsandtranslations.Thesearesummed
to producethe maximumlinear motion in the x- and y-
dimensions,listedin thelasttwo columns..

Note that the calculationsfor x and y are symmetrical.
A rotationaboutx contributesthe samechangein the y-
dimensionasa rotationabouty contributesto x. Themag-
nitudeof thesechangesarelistedin columntwo. A rotation
aboutz contributesthesameto eachof x andy. Thiscontri-
bution is constantwith respectto thedistanceto thetarget,
andis basedon theoffsetof the sensorfrom thecenterof
mass(1 meter).This contributiondueto a rotationaboutz
is givenin columnthree.Finally, the1.5cm/sectranslation
alongtheaxisof interest(x or y) is listedin columnfour.

Thesemaximumlinearmotioncalculationsareusedto es-
tablishthe amountof motion to be appliedin the simula-
tionsreportedin sections4 and5.

Entire OSis Within Field of Regard

Both algorithmsassumethat the entire OS is within the
field of regardduring the measurementinterval. Thecon-
sequencesof this assumptionbeing falsearedifferent for
thetwo algorithms.

The impactof failureof this assumptionon theScanLine
Extentalgorithmarepotentiallyquitesevere.Any scanline
in which eitheredgeof theOScannotbefoundis rejected
by thealgorithm,andis thereforeuseless.If theOSinter-
sectstheleft or right edgesof thefield of regardmany scan
lines will be rejected. If the left or right edgebisectsthe
sphere,all scanlines will be rejected. The impacton the
accuracy of thealgorithmwill becatastrophic.

An intersectionof the OS with the top or bottom of the
field of regardhasa far lessdeleteriouseffect. In this case,
many scanlineswill be preserved,andthe impactwill be
smaller. The resultsreportedin section5 at a distanceof
1 meterdemonstratethis case.At 1 meter, theOSfills the
entire10 by 10 degreefield of regard.Thelaserrangerre-
quiresa full secondto scananareathis large,soonly half
of the OS can be scannedwithin the

�� secondmeasure-
ment interval. Even thoughonly half of the OS is being
scanned,enoughgoodscanlinesareproducedto generate
anacceptablyaccurateestimationof theOSposition.

We expect the impact of violation of this assumptionon
the SphereFitting algorithmto be lessseverethanon the
ScanLine Extentalgorithm. TheSphereFitting algorithm
treatseachmeasurementidentically. Although the algo-
rithm attributesno specialstatusto pointsneartheedgeof
the sphere,thesepointsaremoreinformative for determi-
nationof the X andY componentsof the centerposition
estimate.We thereforeexpectsomedegradationof perfor-
manceif edgepointsarelost.

Theevaluationof thealgorithmsin section5 arebasedon
the assumptionthat the OS in its entiretyis visible within
thefield of regard.Very little studyhasbeendoneon how
the two algorithmsdegradewhen this assumptionis vio-
lated.However, significantdegradationin accuracy should
beexpectedif thisassumptionis violated.

LaserRadarCharacteristics

We assumethe laserradarusedto acquirerangeimages
is capableof generatingpulsesat 10000MHz. We assume
thescanratein thex-dimensionis 1000degreespersecond,
and10 degreespersecondin they-dimension.We assume
the rangemeasurementsreturnedby the laserrangerare
accurateto }/� n g o cm. We assumethex, andy encoders
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Figure 2. Scanline at 10meterswith noiseadded.

arecapableof reportingthescannerangleto anaccuracy of}��Ioqg t ; mrad.

4. SIMULATION METHODOLOGY

In order to producethe error estimatespresentedin sec-
tion 5, we built a simplesimulatorto producerangedata.
The simulatorgeneratesa rasterscanpatternandcollects
rangesto asimulatedmoving sphere.We donot attemptto
faithfully reproducethe interactionbetweenthe Gaussian
beamandthe surfaceof the sphere.Rather, a ray is cast
in the currentscannerdirection,andthe rangeis reported
asthedistancefrom theray origin to its intersectionto the
sphere.This rangedatais usedas input to the two algo-
rithms.

The scanpatterngeneratedis a perfectrasterscanpattern
usingthescanratesandpulserateasreportedin section3.
The scanratesareof constantvelocity with instantaneous
accelerationsat the endsof scanlines andat the top and
bottomof frames.The pulserateis alsoconstantwith no
addednoise.

After the ray intersectionis calculated,we add random
Gaussiannoiseto eachcomponentof the simulatedposi-
tion measurement.Themagnitudeof noiseaddedto each
of azimuth,elevation,andrangeis asspecifiedin section3.
Figure2 shows theazimuthandelevationof thepointsin a
scanline acrossthecenterof thesphereat a distanceof 10
meters.

The simulatorassumesthat the velocity of the sphererel-
ative to thesensoris constantthroughoutthescanningpe-
riod. Thevelocitysimulatedis thatgivengivenin section3.
Note that the relative spherevelocity usedin a particular
simulationis basedonthemeandistanceto thesphere.See
table1.

In orderto estimatethe noiseon the positionestimatesof
eachalgorithm,werun 200trialsat eachof 6 differentdis-
tances.During eachtrial, thealgorithmreceives

�� second
of data,taken as the spheremovesup, to the right (from
thepointof view of thesensor)andtowardthesensor. The
startingpositionof eachtrial is chosenso that the center
of thespherewill move throughthepoint (0, 0, > ) at time
0.25seconds,where > is thedistancefor thecurrenttrial.
Each

�� secondscanstartsat theupperleft handcornerand

Dist.
�� AngleExtent Frames

(meters) (degrees) PerTrial
1 5.22 0.48
2 2.65 0.95
5 1.12 2.23

10 0.60 4.14
15 0.43 5.77
20 0.35 7.20

Table 2. FrameSizeandNumberof Framesat Different
Distances

startsscanningright anddown.

The angularextent of eachscanis chosento be 105%of
thatrequiredto view thecompletesphereatall timesduring
themeasurementinterval. Thesizeof the frameincreases
as the distanceto the sphereis reduced. The numberof
frameswhichcanbecompletedin

�� secondthennecessar-
ily mustdecrease.Table2 givesthecalculatedhalf angular
extent,andthenumberof framesateachof 6 differentdis-
tances.Note thatat 1 and2 meters,lessthana full frame
is collected.Also, notethatat 1 meter, thehalf angularex-
tentexceeds5 degrees,thebaselinefor thecurrentscanner
design.

5. SIMULATION PERFORMANCE

The simulationtechniquedescribedin section4 allows us
to evaluatetheperformanceof thealgorithms.For each

��
secondof rangedata,eachalgorithmproducesanestimate
of thepositionof thespherehalf-way throughthetime in-
terval, andits velocity throughoutthe interval. Eachsuch
estimatemay be comparedto the true simulationposition
andvelocity in orderto ascertainthe accuracy of the two
algorithms.

For eachalgorithm,andfor eachof six differentdistances,
wegathered200suchpositionandvelocityestimates,each
basedona

�� secondof datawith independentaddednoise.
This allows us to estimate,for eachof the x-, y-, andz-
dimensions,thebiasof thealgorithm,andthenoisearound
thebias.

The bias � is merelythe meanof the differencesbetween
theestimatesandthetruth asgivenin equation10.

��� f���! �#" � ��� � )��� � � (10)

The noise } is the squareroot of the varianceof the esti-
matesaboutthetruth asdenotedin equation11.

}E� ���� f���! �#" � �����2)���(��� � (11)

In thesetwo equations,���� is thealgorithm’s estimate(e.g.



of thex-positionof thesphere),for the � th setof data,and�(� is thetruth for thatdataset1.

If the bias can be characterizedaccurately, it can often
be removedby simply subtractingthe biasfrom the algo-
rithm’sestimate.For thisreason,thenoiseis generallycon-
sideredto bethemoreimportantof thetwo measures.

SphereFitting Algorithm

Figure3 plots thepositionerrorof thespherefitting algo-
rithm. This graphshows that both the biasandthe noise
of thex-coordinatearewell within requirementsat all dis-
tances.However, thez-coordinatehasproblemsat all dis-
tances,while the y-coordinateis within specificationsex-
ceptata distanceof onemeter.

This patternshown in thebiasgraphsuggeststhat thebest
fitting spherecenterfound by the algorithm tendsto be
pulled in the directionof the highestdensityof measured
points. Also, the noisegraphshows that theretendsto be
morenoisealongthedirectionin whichthecenteris pulled.

Thisisnotaproblemin thex-dimension.Becausethescan-
ningpatternis fastin thex-dimension,thedensityof points
is aboutequaloneithersideof thetruespherecenteralong
the x-dimension. For this reason,thereis little bias, and
little noisealongthex-dimension.

At most distances,there is little bias or noise in the y-
dimensionbecausethereareaboutasmany measurements
to the top of the sphereas to the bottom. At short dis-
tances,weno longerareableto gatheracompleteframein
the measurementinterval. The biasof the algorithmthen
shows up asa tendency to move thecenterup or down, to-
wardswhicheversideof thespherewasscanned.Thenoise
alsoincreasesin thesamedimensionasthebias.

The z-dimensionhasa problemat all distancesbecause
measurementsare only made to the closer face of the
sphere. Along the z-dimensionthere is always a higher
densityof pointson theclosesideof thespherecenterthan
onthefarside.Thealgorithmis thusbiasedtowardsreport-
ing thesphereasbeingcloserthanit actuallyis. In addition,
thereis consistentlyhighnoisealongthis dimension.

Table 3 shows the maximum and minimum CPU times
amongthe 200 trials at eachdistance. Note that thereis
quite a variationbetweenthe fastestandslowest timesat
eachdistance.This is becausethefitting algorithmusedis
an iterative algorithmthatfinishesonly whentherequired
level of accuracy is attained.

�
Note that this implies that the truth may changewith the dataset. In

fact, the trajectoryof thesphereis identicalin all �F�/�:�:� trials. How-
ever, in orderto reducenoise,thealgorithmis allowedto choosethetime
at which it will reporttheposition. Thevalueof �s� usedin equations10
and11 is thetruthat thetime usedfor ��s� by thealgorithm.

Dist. Min Time Max Time
(meters) (seconds) (seconds)

1 0.08 0.87
2 0.11 0.28
5 0.09 0.18

10 0.08 0.20
15 0.04 0.13
20 0.06 0.12

Table 3. CPUtimesfor singletrials of SphereFitting
Algorithm

Timingsweredoneona200MHz PentiumPro.Oneof our
requirementsis that thealgorithmmustrun in 0.5 seconds
on a 12.5MHz processor. If we multiply eachof thenum-
bersin table3 by 16 to approximatethespeedof thealgo-
rithm on theslower processor, we seethateventhefastest
runsreportedin thetablewould not completein therequi-
sitetime.

Our analysisof this algorithmindicatesthat it is too slow,
it is too noisy, andhasa numberof biases.Sincethe bias
problemsareso easilycharacterized,it shouldnot be too
difficult to solve them. Likewise, we may find ways to
speedup the algorithm,eitherby optimizing the code,or
by startingtheiterationprocesswith betterinitial estimates
of the true centerposition. It may evenbe possibleto re-
ducethenoise.However, we have not attemptedto do any
of thesethingsbecausewe have foundtheperformanceof
theScanLine Extentalgorithmto befarsuperior.

ScanLineExtentAlgorithm

Figure4 shows the positionerror of the ScanLine Extent
algorithmatvariousdistances.Onceagain,theseerrorsare
collectedfrom 200 trials at eachdistance.First, notethat
thescaleof thesegraphsis muchdifferentthanfor thoseof
figure3. All of thenoisevaluesreportedhereareunder8
mm,andthereforemeetour requirement.

The noiseon the x componentis smallest. This is to be
expected,sincein this algorithmthex componentis mea-
suredmoredirectly thanthe othertwo components.Both
the y andz componentsdependheavily on measurements
madein the x-dimension,and thereforeany noisein the
x-dimensionwould likely bereflectedin y andz aswell.

The increasein noise(and also in bias) at one meter in
the y-dimensionis likely an indicationof the influenceof
lessthan a full frame of databeing collectedat this dis-
tance.It maybepossibleto reducethis influenceby using
a weightedregressionschemeratherthan the straightfor-
ward linear regressioncurrentlyusedto combinethe esti-
matesfrom differentscanlines.

Looking at the plot of biases,the only disturbingtrendis
in thez component.Thealgorithmtendsto underestimate
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Figure 3. Positionerrorof SphereFitting algorithm

0.0¢ 5.0¢ 10.0£ 15.0¤ 20.0£
Distance (Meters)

0.0

2.0

4.0

6.0

8.0

Si
gm

a 
(M

ill
im

et
er

s)

Noise¥
X X
¦ X

X
¦

X X

Y
§

Y

Y

Y

Y
§ Y

§

Z
¨ Z
¨ Z

Z
¨

Z

Z
¨

0.0© 5.0© 10.0ª 15.0« 20.0ª

Distance (Meters)

-6.0

-4.0

-2.0

0.0

B
ia

s 
(M

ill
im

et
er

s)

Bias¬

X X
­ X

X

X
­ X

Y

Y
Y

Y

Y
®

Y
Z
¯

Z
Z
¯

Z

Z

Z
¯

Figure 4. Positionerrorof ScanLine Extentalgorithm

the distanceto the sphere,and this trend increaseswith
increaseddistance.Furtherinvestigationof the algorithm
may reveal the causeof this bias, and supply a remedy.
However, even without a deeperunderstandingof the be-
havior, we expect much of this bias can be removed by
making an adjustmentbasedon the z estimate. This ad-
justmentwould grow with z, effectively counteringmuch
of thebiasinherentin thealgorithm.

In additionto a positionestimate,theScanLine Extental-
gorithmreturnsanestimateof thevelocityof thesphereas
well. We have no specifiedrequirementsto meeton this
estimate.However, if it is desiredthatthetimeof theposi-
tion estimatewesupplybeotherthanthatof themostaccu-
ratetime chosenby thealgorithm,suchanestimatecanbe
madeusingthevelocityestimate.Thismayresultin anin-
creasein noiseandperhapsin bias.To giveanideaof how

significant this may be, figure 5 plots the noiseand bias
on thevelocity estimateof theScanLine Extentalgorithm
collectedfrom 200trials at eachdistance.

Table4 shows theminimumandmaximumCPUtimesre-
quiredacross200trials for theScanLine ExtentAlgorithm
at eachof six distances.Noticethat thereis comparatively
little differencebetweentheminimumandmaximumtimes
reportedat any given distance.Unlike the SphereFitting
Algorithm, this algorithmis not iterative. Approximately
thesamenumberof computationsis donefor eachrun at a
givendistance.Thereis someexpectedvariationdueto dif-
ferencesin the numberof datapointscollectedat varying
distances,anddifferencesin thenumberof scanlines.

If we multiply the worst casetime in this table (0.0107)
by 16 to accountfor thedifferencein processingspeedbe-



0.0° 5.0° 10.0± 15.0² 20.0±
Distance (Meters)

0.0

20.0

40.0

60.0

Si
gm

a 
(M

ill
im

et
er

s 
/ S

ec
on

d)

³

Noise´
X

X
µ

X
µ

X
µ

X
µ

X
µ

Y
¶

Y

Y
¶

Y
¶ Y

Y
¶

Z
·

Z
·

Z
·

Z
· Z

· Z
·

0.0¸ 5.0¸ 10.0¹ 15.0º 20.0¹

Distance (Meters)
-40.0

-20.0

0.0

20.0

B
ia

s 
(M

ill
im

et
er

s 
/ S

ec
on

d)

Bias»

X
¼

X
¼ X

¼

X
¼

X
¼

X
¼

Y

Y

Y

Y
½

Y
½ Y

½
Z
¾ Z
¾

Z
¾ Z

¾ Z
¾ Z

¾

Figure 5. Velocityerrorof ScanLine Extentalgorithm

Dist. Min Time Max Time
(meters) (seconds) seconds

1 0.0063 0.0070
2 0.0062 0.0077
5 0.0075 0.0096

10 0.0085 0.0107
15 0.0086 0.0095
20 0.0084 0.0093

Table 4. CPUtimesfor singletrials of SphereFitting
Algorithm

tweenthe200MHz machineon which thesetimingswere
performed,andthe target12.5MHz machine,we seethat
theresultingtime (0.1712seconds)is still comfortablyun-
derthe0.5secondlimit setby our requirements.

TheScanLine Extentalgorithmturnsout to bebothfaster
andmoreaccuratethantheSphereFitting algorithm.

6. CONCLUSIONS

For this study, we have developedtwo algorithmsto in-
terpret rangeimagesof a moving sphereproducedby a
scanninglaserrangefinder. Thoughboth algorithmsare
successfulto somedegree,we have found that the Scan
Line Extent algorithm is both fasterand more accurate
than the SphereFitting algorithm. In addition, we have
demonstratedthat, under a numberof assumptionsdis-
cussedherein,the ScanLine Extentalgorithmis capable
of meetingboth the noiseandCPU time requirementsof
theRSRmission.
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APPENDIX

1. DETAILED DESCRIPTION OF THE SCAN L INE

EXTENT ALGORITHM

A scanline consistsof the measurementsof the positions
of a setof = pointsin a line acrossthefaceof thesphere.
Eachpoint � consistsof a measurementof azimuth( ¿ � ),
elevation( À � ), andrange( Á � ) to thepoint.

For eachpoint,wealsohavethetime( ��� ) atwhichthemea-
surementwastaken.Althoughthesphereis in motiondur-
ing the scan,we assumethat the movementof the sphere
during the scanningof a single line is insignificantcom-
paredto theothersourcesof error. Consequently, we treat
all thepositionsin thescanline asif they werecollectedat
thesamemomentin time.

Thescanningmethodologyusedassuresusthattheconfig-
uration of points is very nearly linear and approximately
parallel with the x-axis. However, to improve the align-
mentwith thex-axis,weapplyarotationaroundthez-axis.
As shown in figure6, to find therotationangle,we fit a re-
gressionline to the original scanline pointsto predictthe
elevationcomponentof eachpoint À � from theazimuth ¿ � .
The slopeof the regressionline Â is the rotationanglewe
useto dothealignment.Theinterceptof theregressionlineÃ

is themeanazimuthof thescanline after therotationis
applied.

The equationsfor rotatingthe original point �U¿Ä�
	�ÀP��	�Áx�&� to
producea point � C¿Ä��	 CÀP��	 CÁx�&� in the new spacefollow. Note
thattherangemeasurementCÁ � is notchangedby this trans-
formation.
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C¿Ä�Å�G¿Å�
kml7czÂÆ)/À
�
c�dSepÂ (12)CÀ � �w¿ � c�d#epÂ - À � kOlQczÂ (13)CÁ � �GÁ � (14)

A secondrotationis appliedto thespaceto align thescan
line with the x-axis. The rotationmovesthe scanline so
that it is parallel to the x-axis, andso that its centeris on
the z-axis. The centerof the scanline is definedas the
mid-point betweenthe two ends. Onceagain, the range
is not changedby this transformation.Figure7 shows the
positionof thespherein thefinal transformedspace.

Ç¿ � � C¿ � ) C¿ÅÈ - C¿ �n (15)ÇÀ � � CÀ � ) Ã (16)ÇÁV�Ä� CÁx� (17)

The azimuthandelevationcomponentsof a measurement
aremuchmoreaccuratethan is the range. Therefore,we
concentrateon usingtheseangularmeasurementsaseffec-
tively aspossible.Note thatwe have alreadyusedtheav-
erageof the two endpoints to run the y-axis throughthe
centerof the sphere.This producesthe trivial estimateof
theazimuthof thecenterof thesphere

ÇÉ
in thetransformed

spacegiven in equation18. This estimateturnsout to be



very accurate.To getanestimatein theoriginal spacethe
two transformationswill eventuallybeinverted.

ÇÉ �Go (18)

Next, we leveragethe anglemeasurementsto producean
accurateestimateof the rangeto the centerof the sphere.
The angularextent in azimuth Ê , as calculatedin equa-
tion 19 of thescanline couldbe usedto establishthedis-
tanceto the sphereif only we knew the scanline length Ë
e.g. in centimeters.Unfortunately, we donot know Ë . Note
that Ë is the radiusof the circle definedby the scanline
slicing throughthe sphere.We do know the radiusof the
sphereÌ sincethis is a constant8 cm. However, the scan
line doesnot run throughthe centerof the sphere,so its
lengthwill besomewhatlessthanthis.

Ê]� Ç¿ È ) Ç¿ �n (19)

Instead,we make a rough estimatèxB of the distanceto
the centerof the scanline slice circle. From this, we can
make a first estimateof the unknown scanline length Ë B
as in equation21. The estimateof `xB that we useis the
maximumrangeof thetwo extremescanline points.

`mBÆ�AÍÏÎÑÐ*� ÇÁ � 	 ÇÁxÈÆ� (20)

Ë B �Ò` B*Ó Îse Ê n (21)

This estimateof ËÔB is robust to errorsin `xB . At a distance
of 1 meter, anerrorof 5 cm in `mB resultsin anerrorof only
2 mm in Ë B . Theestimateis evenmorerobustasthesphere
movesfartheraway.

Now, it is possibleto producean improvedestimatè � of
thedistanceto thecenterof thescanline slicecircle based
on ` B , Ë B , andtherange

ÇÁx� andazimuth
Ç¿Å� measurementsof

all thescanline points.Thismethodmaybegeneralizedto
producean improved `  and Ë  from `  y � and Ë  y � using
theequationsbelow. (Seefigure8 for adefinitionof terms.)
However, wehave foundthat ` � providesanadequateesti-
matewithout furtheriteration.

Ë  �G`  y � Ó Î
e Ê n (22)

^7�Å� ÇÁV�
kOlQc Ç¿Å� (23)�(�Ä� ÇÁx�
c�dSe Ç¿Å� (24)

�V�  ��Õ Ë � ),� �� (25)

`  � f=
È!
�S" � T ^Q�

- �V�  W (26)

Note that `  is not anestimationof therangeto thecenter
of thesphere

Ç� , but anestimateof therangeto thecenterof
thecircle definedby theintersectionof thescanline plane
with the sphere.If we knew theelevationof thecenterof
the sphere

ÇÖ
, we could calculatethe rangecomponentof

thecenterof thesphere
Ç� usingthefollowing equation.

Ç�×�G`  kml7c ÇÖ (27)

We estimate
ÇÖ

using the following setof equations.See
alsofigure9.

���×Ø Õ Ì � )/Ë � (28)

ÇÖ �ÒØ,ÎsÙPk Ó Î
e �`  (29)

Oneproblemwith thissetof equationsis thatit is notclear
whetherthecenterof thesphereis aboveor below thescan
line. In otherwords,thesignof � andof

ÇÖ
is ambiguous.

If we are limited to the information available in a single
scanline, it is notpossibleto distinguishbetweenthesetwo
cases.

We solve this problemby looking at the lengthsof all the
scanlines in a frame. Generally, the elevation of longest
scanline will be closeto that of the centerof the sphere.
Scanlineswith largerelevationsareabove thespherecen-
ter, sothesignsin equations28 and29 arenegative. Con-
versely, scanline with smaller elevations are below the
spherecenter, sothesignsarepositive.

In orderto returnour centerpositionestimateto the orig-
inal space,we must reversethe rotationsof equations12
through17. This is doneusingthefollowing equations.

CÉ � ÇÉ - C¿ È - CÚ ËÜÛ(_ Ú �n (30)

CÖ � ÇÖ - Ã
(31)É � CÉ kOlQcx��)pÂ7�Å) CÖ c�dSe2��)pÂ7� (32)Ö � CÉ c�d#eÄ��)pÂ7� -ÝCÖ kOlQcm��)pÂ7� (33)

Themethoddescribedabove produces,for eachof � scan
lines Þ , an independentestimateof the position of the
spherecenter. To distinguishbetweenthe position esti-
matesreturnedfrom different scanlines, we add a sub-
script,so � ÉKß 	 Ö ß 	�� ß � refersto thecenterpositionestimate

producedfrom the Þ th scanline. The time stampfor this
positionestimatemeasurementà ß is takenasthemeanof
thetimesfor thetwo endpointsof thescanline.
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à ß � � ß � - � ß Èâán (34)

We combinethis set of timed independentposition esti-
matesusinglinear regression.First, we convert thespher-
ical coordinatesto Cartesiancoordinatesusingthefollow-
ing equations.

� ß �I� ß c�dSe Épß kOl7c Ö ß (35)

� ß �w� ß c�dSe Ö ß (36)

> ß �I� ß kml7c Épß kml7c Ö ß (37)

Next, for eachof thethreespatialdimensions,we perform
standardlinear regression. In this discussion,we usethe� -dimensionasan example. Equationsfor the � and >
dimensionsareanalogous.

Linearregressionfindsthevelocity
C� andstartingposition��B which reducethesumof squarederrorsfor thefollow-

ing linear predictionof the positionof each � ß from the
correspondingtime à ß .

� ß � C�Eà ß - � B (38)

Thefollowing equationsdefinethebestfitting line.

C�ã� �3ä �ß " � � ß à ß ) ä �ß " � � ß ä �ß " � � ß�3ä �ß " � à
�ß )A� ä �ß " � à ß � � (39)

� B � ä �ß " � � ß )
C� ä �ß " � à ß� (40)

The output of the three linear regressionsis an esti-
mateof thestartingposition �'� B 	�� B 	:> B � andthevelocity� C�\	 C�]	 C>?� of the spherecenter. From this we canpredict
the positionof the sphereat any point in time. However,
themostaccuratepredictionwill beattheaveragescanline
time åàG� �

�
ä �ß " � à ß .
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